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Network representation and its adjacency
matrix

Initial network Adjacency matrix

1 1 2 3 4 5
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Unobserved link between nodes 2 and 3 is repres@émtghite with the value 0



Representation of network with prohibited/unlikely or

unobserved Links

Network with no link between

Nodes 2 and 3 and Nodes 2 and 5.

Assume that:

x =1 means there is a link

x= 0 means the link is unlikely/prohibited
y =1 means a link is observed

y = 0 means a link is not observed

If we assign probability measures as
follows:

p(x=1) = 0.9
p(x=0) = 0.1
p(y=1|x=1)=0.9
p(y=1|x=0)=0.05
p(y=0|x=1)=0.1
p(y=0|x=0)=0.95



Bayes’ Theorem

p(x=1]y=1) = 0.993
p(x=1|y=0) = 0.486
p(x=0]y=0) = 0.513
p(x=0]y=1)=0.006

Unobserved link between nodes 2 and 5 is repres@émtghite with the value 0.486 but
the unobserved link between 2 and 3 is representeldck with the value of ~0.0



Prohibited/Unlikely and Potential Missing Links

An observed network 5 2

A network with a potential missing Link



Complete Network
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A layered network can be visualised by stackingaimetworks together to give additional
information regarding the underlying structure aadtern of the whole network.




The concept of hypernode from a simple network

Initial network Adjacency matrix
1 1 2 3 4 5
1
> 2
2
3
4 4
3 5
Hyper-network Adjacency matrix after reordering
H1={1,4,5} ! 4 8 2 3
H2={2}
H1
H2
H3={3} H3

Group factor f=1.0



Definition 1 A graph

Initial network Adjacency matrix after reordering

We suppose a graph denoted by G(V,E) ol
nodes (vertices) and |E| edges is a set of .
nodes and E a set of edges between the nodes
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group factor f=1.0

H2={5} H1={1,4}

® H3=(2)

green when m> 0.8
redwhen m<0.4

Definition 2 Weighted graph
H4={3}
The graph may be weighted (to represent uncertg)ntie

In which case. We associate a real valued functitdmam
Edge or a node. The weight of a node is modelled

as the self-connecting edgi,i).



Definition 3 Hypernodes
define a partition

A collection P of nonemty subsets P, P, -- - Py,
of V' define a partition of V" when P U
PruU---UPF, =V and for any elements
of P the intersection £ N P; = () for

i .

Definition 4 Edges between hypernodes

The set of edges between to subsets F;
and P; of a partition of P is denoted as
F; j and defined from a set of node pairs
(u,v) as:

E; j=U(u,v), YVue P and Vv e Pj.



Definition 5 Hypernodes, a certain hy-
pernode represents a collapse from a
set of nodes into one single node.

T'he hypernodes H = {hi,ho,---,hn}

of a partition P = { P, Fo,---, P} is
defined on the basis of a mapping P —
H as yu(FP;| P, € P) = h;, where h; € H.

Definition 6 Hierarchy of networks

A hierarchy T of graphs can be derived

as 'L = {G‘O? Gt ﬁGk} where |G"i| >~
|G"f’+1| and |G’]‘*"| > 1.

Here, GY denotes the original graph and
G the top level, i.e, the most generalized
version of the graph.



The weight of the edges between
the hypernodes, the arithmetic
mean value

Assume two sets I and P; of a partition
P and their corresponding hypernodes
h; and hj. The arithmetic mean value
wi(-) is computed as

wilhi, hj) =—— = wle)



The minimum or maximum value

W—oo(hj, hj) = min(w(e) | e € E; ;)

Or

Wioolhi, hj) = max(w(e) | e € E; ).



A Gaussian view

The variance of the average value m of
some uncorrelated observations

X ={{x{,x0,---, 1} can be computed

according to the C]aut-ﬁlan low of error
)

propagation as: o,, = = 0; / n?. The

strength ¢, i.e., the weight ot Al ob:-:;er—
vation, is computed as the inverse of its
variance. Thia result introduced gives

L/qm = (=) l/"l?)/nh
By reor g;a.nizin g we get
7 ) ]
o — T = Bw_1(Q),
=i L/q;

where 3 =n, Q = {q1.q9>.---.,qn} and
w1 () the harmonic mean of the weights.



A Gaussian model

A Gausslan weight wg(-) of the edges
between the hypernodes can therefore be
defined as

wg(h;, h..-j) = fw_(ele € E?'-_aj )

where [ = |Ej ;.



Generalized mean

A class of average operators is defined
by the generalized mean wg/(-) as

w(h;, hj) = Bwalh, hj) =

Bl s cp w(e)Y, wle) >0
3l meer, w(e) ], wie)
where o € 'R and (3 is a modifier defined

S

3 Interpretation
1

L; ;|| Gaussian weight when a = —1




Generalized mean

When o — —o00, wq(+) corresponds to
the minimum operator, o = —1 defines
the harmonic mean, o« — 0 in the limit
case approaches the geometric mean, o =
1 the arithmetic mean and o« — oo the
maximum operator.



Example on how the generalized
mean relates to parameter o
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Initial network, number of nodes is 38 level=1

Maximum and Gaussian operator
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green>0.38

red < 0.4

200

400 600 800 1000

Gaussian

1200

900

800

700

600

500

400

300

200

100

900

800

700

600

500

400

300

200

100

Hyper-nodes=7

22 o7

34 024023

021 920

o18
L gl9 L

level= 4 and their associated leaf nodes

L]
38
°l5
16 ol4

°l7

I
100

!
200 300 400 500

Hyper-nodes=9

I I ! ! I
600 700 800 900 1000

level= 4 and their associated leaf nodes

[ )
@38
ol5
16 14
17
® o3
12
22 ®
029 0 g7
35 6
> 28 ol 10
L "
»34 021023 2 4 °
#30 .
26 of 9
36 . ’ 5 *
33
25 3
p32
»31
o1 20
o8
. ‘ L old . ‘ . . ‘ .
100 200 300 400 500 600 700 800 900 1000

Hyper-nodes= 4 level= 5 and their associated leaf nodes

900 ®
38
800 o5
o16 ol4
T00F
17
° ol3
600 o2
22
020 L vy
35 6
5001 ® 28 © o o0
o34 *7T g24e23 ot ol
030 8
400 26 L el
36 » [}
¢ 33 o . o5
- 25 (]
300 o2 .
| 031
200 621020
100+ el8
. . P} . . . . . .
100 200 300 400 500 600 700 80O 900 1000
Hyper-nodes=7 level=5 and their asssf)?ciated leaf nodes
900+
38
800 15
16 .14
700+ 17
013
600+ ol2
22
W29 22 o7
35 6 10
5001 ® 28 o7 °
034 T ae23 2 4 "
230 .
400 26 . 9
36 ¢ 1 5 ¢
033 5
300 25
232
L 031
200 921 020
100+ o8
L | R[] | L | L | L
100 200 300 400 500 600 7TOO 8OO 800 1000



Hierarchy of hypernodes, Gaussian weight propagation mod el
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Other Generalized Linear Models

Model Link Equation
J
Poisson log(/,) = j:1‘7 iZ(%- ;)
B. . I pk J
inomia log( )= gx .
1- Py j=1 J J



Conclusions

* A class of operators to compute the weight of the edges
between hypernodes is defined on the basis of the generalized
mean.

« Selection of the parameters of these operators is an application
dependent task.

» Propagation of uncertainties is an important issue
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